This work presents the arguments for the possibility of approximating some discontinuous dynamical systems with continuous or even smooth dynamical systems. The discontinuous dierential equation, which describes the system, is transformed into a dierential inclusion and then into a dierential equation with continuous or smooth right-hand side. As an example a generalization of the equations governing Chua's circuit is presented. Ó
Introduction
It is well known that many dynamical systems are modeled by autonomous ordinary dierential equations with the underlying Cauchy problem, which can be written in the vector form _ xt f xt; x0 x 0 ; 1 where f is an n-dimensional vector-valued, usually continuous, function f : X R n 3 R n ; x 0 P X. If f is a continuous function, then we call a solution of (1) a continuous dierentiable vector-valued function xÁ : 0; I 3 R n satisfying (1) for all t P 0; I. In this case, the P eano theorem assures the existence of this solution. Details about the existence and uniqueness of the solutions of the initial value problem (1) can be found, e.g., in [1] .
Although the great majority of studied dynamical systems are modeled by initial value problems of the form (1), with f a continuous function, there are many practical situations when f is discontinuous, with respect to the state variable x or/and to the time variable t. In the present paper we consider models with right-hand side discontinuous with respect to x, which are speci®c for a whole variety of applications, e.g., mechanical systems with dry friction, the Prager±Ishlinsky model in the theory of plasticity, electric circuits with small inductivities, systems with small inertia, dynamical systems with nondierentiable potential, optimization problems with nonsmooth data, electrical networks with switches, oscillations in visco-elasticity, optimal control, etc. (see, e.g., [2, 3] and references therein).
The existence and the uniqueness of the solutions in these cases is a delicate problem, as can be seen from the following example. Let us consider the equation [4] 
where sgn x À1 for x < 0; 0 for x 0; 1 for x > 0;
and f : R 3 R. Here f x 1 À 2 sgn x is a discontinuous function at the point x x Ã 0 ( Fig. 1(a) ). It is easy to see that the equation has dierent solutions for x T 0:
where C 1 and C 2 are some constants (see Fig. 1(b) ). We observe that increasing t, the solutions approach the line x 0, but the underlying function, xt 0, does not satisfy the equation since _ x0 0 T 1 À 2 sgn 0. It is obvious that the uniqueness, even the existence, in the usual sense, of the solutions of a discontinuous initial value problem, is a problem which needs special mathematical analysis. The background of discontinuous dynamical systems can be found in Filippov's book [4] .
Our present work is an attempt to approximate systems modeled by discontinuous dierential equations with continuous, even smooth ones. The algorithm we propose is the following: the equation discontinuous with respect to the state variable is transformed ®rst into a dierential inclusion and then into a dierential equation with continuous (smooth) right-hand side. The obtained system can be qualitatively analyzed with the theory of continuous dynamical systems.
This algorithm is presented in Section 2, where some de®nitions and results are detailed in Appendix A. In Section 3, as an example, a generalization of equations governing Chua's circuits is discussed. Some conclusions follow in Section 4.
The algorithm
Let us consider the following autonomous dynamical system discontinuous with respect the state variable x: _ xt f xt; x0 x 0 ; t P 0; I; 2 where f : X 3 R n is a vector-valued function discontinuous on a null set M; X being an open subset of R n . We consider that f has bounded discontinuities, i.e., if x Ã P M; f tends to ®nite (possible dierent) limits when its argument approaches x Ã (see Figs. 2(a) and 1(a), for n 1). We can consider without loss of generality that M consists in a single point x Ã , i.e. M fx Ã g. Let F be the class of these functions. In order to ®nd the assumptions on f on which the discontinuous initial value problem (2) can be transformed into a continuous one, we will de®ne a new function F , which, at the continuity points of f , coincides with f and at the discontinuity point x Ã , is chosen to be, for example, the convex hull of the function f (De®nition 1 in Appendix A). We note that other choices of F are also possible [4, 7, 8] . It is obvious that the function F is a vector set-valued function, de®ned on entire domain X, F : X A R n , with values into the set of all closed and convex subsets of R n , which associates to a discontinuity point x x Ã a subset, F x Ã , i.e., F has several (even an in®nite number of) values at the discontinuity point x Ã . As example, for the functions f P F when n 1, the graph of F , Graph F (see De®nition 2 in Appendix A), is just the segment joining in x Ã the endpoints of f (the segment AB, in Fig. 2(b) ); when n 2, F is a surface, as will be later illustrated in Section 3.
The above de®nition of F is due to Filippov [4] and is called Filippov regularization (see Filippov regularization in Appendix A). Generally, the functions f P F present a jump in x Ã , due to the signum function. Then Filippov regularization gives us the sigmoid-like set-valued function, Sgn Sgn x fÀ1g for x < 0; À1; 1 for x 0; f1g for x > 0:
Using Filippov regularization, the dierential equation (2) is transformed into the following dierential inclusion: _ xt P F xt; x0 x 0 for almost t P I; 3
where F : X A R n is a set-valued function. The dierential inclusion (3) reads as follows: for each value of x P X, the value of _ x belongs to the set of values F x, which equals f x for x T x Ã . Thus, we have embedded f into a set-valued map F which, as a set-valued function, has enough properties to have trajectories closely related to the trajectories of the original equations (2) . Following this way, we can ignore possible misbehavior on sets of null measure (here the point x Ã ). The dierential inclusions (3) may have a unique or several solutions. By solution we mean here an absolutely continuous vector-valued function xÁ : 0; I 3 R n (see De®nition 3 in Appendix A) verifying (3) almost everywhere on I (i.e., except the values of t corresponding to x Ã ). An extension of P eano's existence theorem for dierential inclusions exists [7, 8] . We must note that, generally, the solutions are continuous but not dierentiable (see Remark 1 in Appendix A). Now, the next step is to ®nd a so-called selection of the function F (see De®nition 4 in Appendix A), meaning an explicit single-valued function g : X 3 R n which approximates F in some neighborhood of Graph F . There are several possibilities for choosing such selections. One of the selection existence theorems is Cellina's theorem (see Theorem 1 in Appendix A) that assures the existence of continuous selections. An important remark is that all the set-valued functions obtained by Filippov regularization applied to functions f P F verify the conditions required by the above theorem.
Let us apply Theorem 1 only on a closed neighborhood U x Ã À e; x Ã e of the discontinuity point x Ã . In this case we must choose the selection g : U 3 R n such that gx f x, for any x which belongs to the frontier of U . Moreover, if f is smooth on X n fx Ã g, we can choose g to be smooth too. Hence we must impose the dierentiability conditions to g on the frontier of U . In Fig. 3 we illustrate a possible continuous dierentiable selection for the set-valued function F in the neighborhood U of x Ã , for n 1. For physical reasons the width e of the neighborhood must be suciently small so that the motion of the physical system diers arbitrarily little from the solution of the approximated system. Finally we obtain a continuous (smooth) dynamical system _ xt hxt; 4 where hx f x for x T P U ;
gx for x P U ;
( is a vector-valued function from X (the closure of X) into R n . Thus, we proved that, following the above steps, we can transform the discontinuous system (2) into a continuous (smooth) one (4). This system can be now analyzed with the classical tools of continuous dynamical systems theory.
Example
We choose, in order to exemplify the above transformation, the following autonomous system of discontinuous dierential equations which is one of the generalizations of the equations governing Chua's circuit proposed in [9] , which has no global classical solution on 0; I:
For numerical reasons we consider, like in Brown's work [9] 
The system (6) is discontinuous at x Ã 0; x 2 ; x 3 due to the ®rst component of the right-hand side f 1 x 1 ; x 2 À2:571x 1 9x 2 3:857 sgn x 1 . Hence the discontinuity surface of the system has the equation x 1 0 (see Figs. 4(a), (b) ). The set-valued function F is obtained using the set-valued function Sgn. Therefore the system (6) becomes _ x 1 P À2:571x 1 9x 2 3:857 Sgn
which is a dierential inclusion. Hence f 1 is transformed into the set-valued function F 1 (see Fig. 5 ):
The convex hull for x 1 0 is just the shaded surface. Next, applying Theorem 1 in a neighborhood of radius e > 0 of the plane x 1 0, we can replace the setvalued function F 1 with a smooth function g (here a cubic surface),
where a; b; c, and d have to be determined from the continuity and dierentiability conditions in x Ã 1 AE e AEe (see Figs. 6(a), (b) ).
Thus, we obtain the following continuous smooth system, which is an approximation of the initial discontinuous system (5):
The continuous system (8) is numerically integrated using a standard Runge±Kutta scheme. Two trajectories, for e 0:05 and e 0:1, which are chaotic for b 15 (compare [9] ) are illustrated in Figs. 7(a) and (b). In Fig. 7 (c) a trajectory of dierential inclusion (7) obtained with the explicit Euler method for dierential inclusions (see [2, 3] ) is plotted. More accurate results can be obtained using multistep numerical methods with high consistence order as Runge-Kutta (compare [5, 6] ).
From these ®gures, the in¯uence of e can be deduced. Also it can be seen that the motion for the differential equations (8) and dierential inclusion (7) are slightly dierent. However, by choosing e to be small enough, the algorithm can be used successfully.
In Fig. 8 a three-dimensional trajectory is plotted.
Conclusions
A discontinuous dynamical system modeled by the initial value problem (2), with f P F, can be approximated with a continuous (smooth) one, by applying the algorithm shown in Fig. 9 .
We note that, the validity of this approximation being proved, for practical problems, the discontinuous system can be directly approximated with a continuous one (the dashed path in Fig. 9 ). We used this algorithm in the case of autonomous discontinuous systems, but it is also valid for nonautonomous systems which can be easily transformed into autonomous systems.
The main result is in fact a way to avoid mathematical complications when a discontinuous system has to be analytically or numerically analyzed.
The general case of the set M of discontinuity points can be treated in the same way as that of the single point x Ã . The problem approached in this paper is more complex and can formulate a hypothesis that this procedure can be applied in the case of chaotic systems only for certain ranges of the control parameter. Hence``false'' chaotic (strange) attractors could be obtained (see [10] ). Nevertheless, this approach con®rms the practical usefulness of the above continuous approximation, especially for further investigations. 
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where B is the n-dimensional unit ball centered in a point of Graph F (see Fig. 10 ).
De®nition 5.
A set-valued function F is called upper semicontinuous at x P X if and only if for any neighborhood U of F x there exists a neighborhood V of x 0 , such that F V & U . F is upper semicontinuous if it is so at every x P X. The function Sgn is upper semicontinuous. where k Á k is the Euclidean norm in R n .
Remark 3. Any Lipschitzean function is absolutely continuous, hence continuous (see Remark 1) .
